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The efficiency of energy release has been calculated here for fusion reactions in inertially con­
fined plasmas of high density. I t  is found th a t inclusion of reheat due to absorption of the energetic 
alphas released by the reactions in the plasma itself predicts higher gains G due to ignition. 
Including losses by bremsstrahlung and fuel depletion we find G =  71 for 1 k J  laser energy 
input w ith a compression of only 1000 times solid state density.

1. Introduction

The calculation of the nuclear fusion gain G from 
laser compressed DT plasmas

nuclear reaction energy
G = -------t----- ------------- = r - ^ -  (1)input energy E0

is very sensitively depending on the parameters 
chosen as initial volume Fo, temperature T o, and 
density Uq. A further question of essential impor­
tance is the model chosen for the slowing down rate 
of the alphas from the nuclear reactions within the 
reacting plasma, causing reheat and eventually 
ignition and self-burning. A further parameter to 
be included is the radiation loss by bremsstrahlung 
and the depletion of the nuclear fuel by the reaction 
itself, while the expansion of the plasma, determined 
by inertial confinement and adiabatic cooling 
follows the hydrodynamic equations. The question 
will not be discussed here, how to release the initial 
conditions by laser compression of the plasma refer­
ring to two standard processes: (a) the gasdynamic 
ablation-compression resulting in 5% transfer of 
neodynium glass laser energy into the compressed 
plasma [1, 2, 3] and (b) the nearly isentropic 
(therefore more efficient) nonlinear force compres­
sion [3, 4, 5] resulting in 50% energy transfer.

The sensitivity of G on the initial condition has 
been demonstrated even for very simplified gain 
calculations, where the bremsstrahlung, the reheat 
and the depletion had been neglected and the 
numerical calculation of the gain
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G = i r Sdt  f f j  dx dy dz <a t>> (2 )
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with the ion density of n i of a 50:50 DT mixture, 
the reaction energy £f=17.6MeV and the fusion 
cross section a averaged over the thermal velocities 
of the plasma where the fully hydrodynamic 
calculation was used including the adiabatic cooling 
[6 ]. A little variation of the initial temperature To 
or of the volume Vq could result in a drastic change 
of the gain G. This was the reason why the first 
examples selected for calculating the gains [8 , 9] 
were so pessimistic, as these wrere far away from the 
optimized values [5, 6, 7]

G =  {Eo/Ebe)1/3 (nolns)W  (3)

where the breakeven energy E b e =  1-6 MJ and the 
solid state density of the DT mixture

ns — 5.8 X 1022 cm - 3  .

The further condition had to be fulfilled that an 
optimum initial temperature Topt =  10.6 keV had 
to be selected. These conditions are algebraically 
identical w ith the later formulation

G =  C tiq R q (3a)

which Kidder [10] derived for inertial confinement 
to substitute the Lawson criterion for statically 
magnetic confinement, where R o is the initial pellet 
radius and C =  1.66 X  10~ 22 cm2 from our values 
of Eq. (3), about 1.5 times higher than Kidder’s 
[10] value and a factor twro less than Brueckner’s 
[17] value and comparable with the very indirectly 
derived values from Nuckolls’ [1] hydrodynamic 
numerical calculations. While the calculations lead­
ing to the Eqs. (3) and (3a) have not included the 
reheat by the reaction products, we present the 
contribution of these reheat effects on the numerical 
values of the reaction gain G as functions of the 
initial parameters e.g. the ion density uq, plasma
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volume Fo, plasma temperature To etc. for the 
case of DT fusion. The selection of optimum 
conditions is in this case more difficult. The problem 
of reheat is involved with the very complex question, 
what penetration depth for the MeV alphas in the 
high density plasma is to be taken. We have 
calculated it on the basis of a modification of the 
well known Bethe-Bloch formalism used in nuclear 
physics which one may call the “collective model” . 
In Section 2 this aspect is discussed. Then in 
Section 3 we have sketched how to compute G with 
this reheat aspect and ionic depletion under 
inertial confinement. Finally in Section 4 we discuss 
the numerical values obtained.

2. Collective Model for Reheat

The heavy charged particles created in the fusion 
reactions have usually the initial energy of the 
order of several MeV whereas the plasma has the 
temperature in the range of keV. Initially the heavy 
particles therefore moves in a straight line from the 
point in the plasma where it is created until it loses 
energy by collisions with the plasma electrons to the 
magnitude of average thermal energy. From then 
on it takes part in the random motion of the 
plasma. This distance is its range. To evaluate it we 
have used the following modification of the Bethe- 
Bloch formalism [1 1 ]. The energy loss per unit path 
can be written as

dE  Z2g4 / 6max
=  4jzn e ------- l n  -T—

da; mev* \  bmin

where E  is the energy of the heavy particle, Z e its 
charge, ne the plasma electron density and bmax 
and &min are the maximum and minimum value of 
the impact parameters.

Now in the plasma one has a natural cut-off due 
to the Debye screening so that one can set 6 max =  
where Ad is the Debye radius: ]/kT/4:7inee2. If  
one now chooses for bmin the classical value 
6 min =  ze2 /raev2 one obtains the following expres­
sion for the range i?a

where ran is the mass of the heavy particle, E q its 
initial energy,

^  IcT

and the integral logarithm
X e t

E i(*) =  J —  d t
— oo *

had been used.
The inclusion of radiation emitted during the 

slowing down process of the alphas results in a 
negligible contribution [1 2 ] similar to the case of 
the slowing down on the basis of a Fokker-Planck 
mechanism [13, 14].

3. Calculation of the Fusion Gain

We base the computation of G on the model of a 
spherical plasma with initial temperature T q , 
radius B q and ion density nfl expanding symmet­
rically in vacuum. This self-similarity model has 
also been used by Basov and Krokhin [8 ], by 
Dawson [9] and has been justified from the hydro- 
dynamic equations [15] by averaging densities or 
by a kinetic equation [7] or by the classical case of 
a Gaussian density profile [16].

Now the equations of motion of a spherical plasma 
are obtained firstly by equating the work done by 
the pressure to the drop in temperature and also 
secondly from the energy conservation where the 
reheat due to absorption of the charged particles 
released in the reactions is to be taken into account. 
One thus obtains

d£ \ 2
=  P

d V
dt (5)

me
mu 7i ne z 2 e6

where P  is the pressure, M  an average mass for the 
plasma and V the volume of the plasma a t time t. 
One has

4 kT
V = - n B *  and P  =  3(N i +  N e) ^ j ^ ( 6 )

where N i and N e denote the total number of ions 
and electrons in the plasma. If  one assumes th a t the 
Plasma has to increase linearly on the radius from 
the centre to the boundary (self-similarity model 
[8 , 11]) one has M  — %M where M  is the total mass 
of the plasma i. e. M ^  m i N i where mx is the average 
ion mass. Now due to the reactions the electrons do 
not charge so that one can write N x =  z N $  where 
z is the average ionic charge and IViO the total 
number of initial ions present. Now the alphas 
produced in the reactions will be mostly absorbed 
for high density so that although the species of the
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ions change their total number is approximately 
constant

Ni +  N e ^ { i  +z)NiO .

One then obtains utilising (5) and (6 )

kT  =
5 ( 1 + 2 )

R R (?)

where the dot denotes the derivative with respect 
to the time t. Now it is useful to introduce the 
substitution

R q/R =  cos 0

where the parameter 0  is then a function of t. 
One then obtains in terms of 0

d0 T  0o2 cot0cos2 0 
dO =  To 0

— 0  cot 0  [sec2 0  +  tan 2 0 ]

(8)

(9)

where the initial values for t =  0  are given by

d d \  • 5 ( 1 + z ) k T 0
—  =  0  and do2 = ---------=-z----
d 0  Jo miRo2

assuming Ro =  0  i.e. the plasma starts expanding 
from rest.

Now we introduce the probability P a for the 
absorption of an alpha particle by the plasma itself 
as approximately given by

Pa — PI(P +  Pa)

where Ru denotes the range according to Figure 4. 
Let er, a denote the part of the fusion energy 
released carried by the alpha. The equation of 
conservation of energy is then

± m N i  +  N e)kT) =  - ±

+  £F, a

1 _ / d # \ 2 
2  \  d t )  

R

X

P  +  P ol

wt2 <<rv> 4
71 R 3

which then in terms of 0  is 
d T £F,oc

(1 0 )

1
X

Wi2 <(TV> 1

P ol . nfi A  cos3 0 0 
-=r- cos 0  
P  0

Finally we need the equation for the change of 
the ion density n\ in terms of 0  to describe the 
depletion effect which is given by

d/ii 1 Vs)

dO =  ~  2  0
— 3r î tan 0  . ( 11)

The first term here corresponds to the reaction and 
the second to the radial expansion of the plasma. 

The expression for G then simplifies to
jt/2

G = £F
Eo Vo

n\2{av') d 0  

A  cos3 0 0

Here (av )  depends on 0 through the temperature T  
as T = T ( 0 ) .  This integral can be evaluated only 
numerically utilising the infinitesimal variations

rii(0 +  Ad) =  ni(6) +  (dwi/d0)ö Ad ,
T(0  +  Ad) =  T(d) +  (dTfdd)e Ad , 
d(d +  Ad) =  0(0) +  (d0/d0)ö Zl0

where the derivatives are calculated according to 
(9), (10) and (1 1 ). The initial temperature T 0 is 
related to the input laser energy E q according to

E 0 =  271 (I +  z) n i0 i ?03 To .

The numerical results are discussed in the next 
section.

4. Numerical Results

Firstly we note th a t the inclusion of Brems- 
strahlung numerically does not alter the gains 
values with reheat appreciably for the cases 
considered in the following cases for DT. Numerical­
ly it has been found that if one chooses the initial 
parameters carefully one can attain the situation 
where although the initial temperature is a few keV 
the reheat contribution overrides the adiabatic 
cooling due to expansion — this is the case if “self­
ignition” which is of interest.

As we arrive a t sufficiently high values of fusion 
gains for laser-fusion reactors, we concentrate on 
the case of a compression of the plasma to 1 0 0 0  time 
of the solid state density w o = 1 0 3 ws. Figure 1 
describes the gains G depending on the energy E 0 

transferred to the compressed plasma in its initial 
state for various initial volumes Vo■ The fully 
drawn curves are without reheat, without depletion 
and without bremsstrahlung. The envelope of these 
curves corresponds to the optimum values given
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FU S IO N  OF DT W ITH  IN IT IA L  ION DENSITY 5 .8 x 1 0 »  cm "3 
(KH x SO LID  STATE DENSITY)

Fig. la .  Nuclear fusion gain G for 50:50 DT plasma for 
various initial densities as multiples of the solid state 
density ns depending on the energy E q transferred into 
the compressed plasma and the initial solid state volume Fs 
before compression. The calculations include reheat, fuel 
depletion and losses by bremsstrahlung.

Input Energy E0 [Joules!

Fig. lb .  Envelopes of dashed curves of Fig. la ,  however, 
including a small correction due to full inclusion of brems­
strahlung losses for various initial densities no given in m ul­
tiples of the solid state density ns . The volume Fs cor­
responds to the solid state (i.e. before compression); 
Fs =  Fo =  Vons/no.

by Equation (3). Inclusion of reheat and depletion 
of full results in the dashed curves. Their envelope 
is a nonlinear plot and cannot be described by an 
analytic formula like Equation (3). Including 
bremsstrahlung, we arrive at envelopes as given in 
Fig. l a  for various uq and Fs =  Fows/^o-

W hat is surprising, is that the initial energies E q 

for the maximum gains correspond to 5 keV per 
particle a t E q near 1 k J  and even 1 keV only a t E q 

near 1 MJ. These very much less energies than the 
usual 10 keV necessary for DT fusion when calcu­

lated without reheat can be understood, when the 
time dependence of the temperature is calculated. 
In Fig. 2 we see these cases for an initial volume of 
10- 3  cm3 and a set of initial energies E q of 1.07,
1.6 and 2.7 MJ. The case of the lowest energy shows 
that the reheat is nearly keeping a constant 
temperature despite the adiabatic cooling of 
expansion. The higher energies show the ignition 
and self-burning, raising the temperature above 
100 keV after some picoseconds. The initial 
temperatures explain why gains exceeding 1 0 0 0  can 
be reached by self-burning. The low ignition tem ­
perature is possible only a t very high densities (see 
Fig. lb ) with the necessarily high collision fre­
quencies.

The inclusion of bremsstrahlung losses was 
done by reducing the temperature at each increment 
dd (corresponding to time steps of about 1 0 ~ 13 

seconds) by assuming th a t the bremsstrahlung is 
being emitted without reabsorption in the plasma. 
Even by this pessimistic assumption the results of 
Fig. 1 b show a minor change only against the case 
without bremsstrahlung losses (Figure la). This 
was the experience also in other calculations [17]. 
We consider (Fig. 1 b) the following cases as 
examples:

DT PLASM A W IT H  IN IT IA L  IO N D E N S ITY  5 .8X 10« cm *’
(103 X SO LID  STATE DE N S ITY ) IN IT IA L  VO LU M E 10~3 cm 3

G Reaction G ain w ith Reheat
E l Laser Input Energy (Joules)
Eav A verage Energy per Partic le  in eV
E°a» In itia l Values (KeV)

Fig. 2. Time dependence of the tem perature of a DT laser 
plasma for compression 103 times solid, initial volume 
10-3 cm3 and varying initial energy E q . A  strong increase 
of the gain results by a small increase of E q when ignition 
and self-burning is happening.



894 H. Hora and P. S. Ray • Nuclear Fusion Yields of Inertially Confined DT Plasma

1 . E q =  1 . 0  k J ; wo =  1 0 3 ns; F 0 =  1 0 ~ 8 cm3; Fs =  
10- 5  cm3; initial average particle energy 5.38 keV, 
corresponding to an initial temperature of 3.58 keV; 
ignition starts a t 3.4psec; while without brems­
strahlung losses we arrive at a gain of 83.8 (Fig. 1), 
we find with the losses as the most general value a 
total gain G =  71.

2 . £ 0 =  7.0 k J ; no =  1 0 3 ns ; Fo =  10~ 7 cm3; Fs =  
1 0 ~5 cm4; initial average particle energy 3.7 keV 
corresponding to a temperature of 2.46 keV; 
ignition starts at 9.8psec; gain without brems­
strahlung: 220.2 total gain G including all proc­
esses - 178.

These examples were selected to demonstrate the 
strong increase of the gain with the collective reheat 
claculation over the earlier calculations [6 , 7, 10] 
following Eq. (3) or (3a). Using our constants [6 ] 
which were within the values of the other mentioned 
authors, we arrive from the earlier calculations for 
no =  103 ns ; Eo =  1 k J  a t G =  8.54 (or for Eo =  7 k J  
a t (7=16.3) which is remarkably less than our 
values 1 . and 2 . which correspond to the values 
necessary for laser-fusion reactors. The parameter 
of transferring 1 k J  laser energy to a compressed 
plasma is about the state of the art, especially if 
the nonlinear force compression is applied [3, 4, 5].

Starting from 50 atm gas, compressions exceed­
ing a factor 1000 have been reported by Basov [18]. 
The gains, however, are very sensible against the 
selection of the pellet parameters, to which deter­
mination our calculations may offer a new basis.

The agreement of our analytical model with the 
very detailed numerical calculations of Nuckolls [1 ]
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can be seen from the following example: Nuckolls 
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5. Conclusions

Calculation of the nuclear reaction gains of 
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with adiabatic cooling, losses by bremsstrahlung, 
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respectively. These gains can be assumed as 
sufficient for a pellet power reactor. I t  is therefore 
possible to work with compression of 1 0 0 0  times of 
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Relative good agreement of our analytical model 
exists with the semi-empirical computation of 
Nuckolls.
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